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ABSTRACT
In the Milky Way, cosmic rays (CRs) are dynamically important in the interstellar
medium, contribute to hydrostatic balance, and may help regulate star formation.
However, we know far less about the importance of CRs in galaxies whose gas content
or star formation rate differ significantly from those of the Milky Way. Here we con-
struct self-consistent models for hadronic CR transport, losses, and contribution to
pressure balance as a function of galaxy properties, covering a broad range of param-
eters from dwarfs to extreme starbursts. While the CR energy density increases from
∼ 1 eV cm−3 to ∼ 1 keV cm−3 over the range from sub-Milky Way dwarfs to bright
starbursts, strong hadronic losses render CRs increasingly unimportant dynamically
as the star formation rate surface density increases. In Milky Way-like systems, CR
pressure is typically comparable to turbulent gas and magnetic pressure at the galac-
tic midplane, but the ratio of CR pressure to gas pressure drops to ∼ 10−3 in dense
starbursts. Galaxies also become increasingly CR calorimetric and gamma-ray bright
in this limit. The degree of calorimetry at fixed galaxy properties is sensitive to the
assumed model for CR transport, and in particular to the time CRs spend interacting
with neutral ISM, where they undergo strong streaming losses. We also find that in
some regimes of parameter space hydrostatic equilibrium discs cannot exist, and in
Paper II of this series we use this result to derive a critical surface in the plane of
star formation surface density and gas surface density beyond which CRs may drive
large-scale galactic winds.
Key words: hydrodynamics – instabilities– ISM: jets and outflows – radiative transfer
– galaxies: ISM – cosmic rays
1 INTRODUCTION
Star formation is a remarkably inefficient process: even in
the cold, molecular phase of the interstellar medium, where
thermal pressure support is negligible, only ∼ 1% of the gas
mass converts to stars per free-fall timescale (e.g., Krumholz
& Tan 2007; Krumholz et al. 2012; Leroy et al. 2017; Utomo
et al. 2018), or ∼ 10% per galactic orbit (e.g., Kennicutt
1998; Kennicutt & Evans 2012). The origin of this ineffi-
ciency has long been debated, but it must at least in part
be related to the various sources of non-thermal pressure
that prevent the interstellar medium (ISM) from undergo-
ing a catastrophic free-fall collapse to the galactic midplane.
The most obvious inhibitor of collapse is the supersonic tur-
bulent motions that are ubiquitous in the interstellar me-
dia of all observed galaxies. Turbulence may, in turn, be
? E-mail: rcrocker@fastmail.fm (RMC)
driven either by mechanical feedback from supernovae, grav-
itational instabilities as matter flows inward through galax-
ies, or some combination of both (e.g., Thompson et al. 2005;
Ostriker & Shetty 2011; Faucher-Gigue`re, Quataert, & Hop-
kins 2013; Krumholz & Burkhart 2016; Hayward & Hopkins
2017; Krumholz et al. 2018). Turbulence, moreover, natu-
rally gives rise to a magnetic field that provides a pressure
comparable to the turbulent ram pressure (e.g., Federrath
et al. 2014; Federrath 2016). However, in the Solar neigh-
bourhood within the Milky Way, the midplane pressure con-
tributed by gas motions and magnetic fields is not entirely
dominant. Instead, two other sources of non-thermal pres-
sure – radiation and cosmic rays (CRs) – make comparable
contributions (Parker 1966; Boulares & Cox 1990).
While we can measure the strength of these non-thermal
contributions in situ in the Solar neighbourhood, our knowl-
edge of their importance in galaxies with significantly-
different large-scale properties (e.g., higher or lower surface
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densities of gas), or even elsewhere in our own Galaxy, is
much more indirect and model-based. There has been sig-
nificant recent theoretical progress on the importance of ra-
diation pressure, but its role in driving turbulence and out-
flows in both intensely star-forming galaxies and the star
clusters of normal galaxies remains uncertain (e.g., Thomp-
son et al. 2005; Andrews & Thompson 2011; Krumholz &
Thompson 2012, 2013; Davis et al. 2014; Skinner & Os-
triker 2015; Tsang & Milosavljevic´ 2015, 2018; Thompson
& Krumholz 2016; Raskutti et al. 2016, 2017; Crocker et al.
2018a,b; Wibking, Thompson, & Krumholz 2018).
The dynamical importance of CRs is even more uncer-
tain. This is in part because most early work on this question
focused only on galactic conditions similar to those found
locally (Jokipii 1976; Badhwar & Stephens 1977; Ghosh &
Ptuskin 1983; Chevalier & Fransson 1984; Boulares & Cox
1990; Ko et al. 1991; Ptuskin 2001), and/or focused largely
on the question of how and whether CRs can drive galactic
winds originating in the ionised, low-density medium found
several scale heights above galactic planes (Ipavich 1975;
Breitschwerdt et al. 1991; Zirakashvili et al. 1996; Ptuskin
et al. 1997; Zirakashvili & Vo¨lk 2006; however, for an excep-
tion see Breitschwerdt et al. 1993). More recent numerical
and analytic models have continued in this vein (e.g., Everett
et al. 2008; Jubelgas et al. 2008; Samui et al. 2010; Wadepuhl
& Springel 2011; Uhlig et al. 2012; Booth et al. 2013; Pakmor
et al. 2016; Simpson et al. 2016; Recchia et al. 2016, 2017;
Ruszkowski et al. 2017; Pfrommer et al. 2017; Buck et al.
2019), rather than address the question of whether CRs rep-
resent a significant contribution to the support of the neutral
material that dominates the total mass budget and occupies
at least ∼ 50% of the volume (e.g. Dekel et al. 2019) near
the midplane. Indeed, the vast majority of published simu-
lations that include CR transport do not resolve the neutral
phase or galactic scale heights (∼ 100 pc), and those that do
(e.g., Hanasz et al. 2013; Salem & Bryan 2014; Salem et al.
2016; Chan et al. 2019) generally assume that CR transport
in the neutral ISM is identical to that in the ionised ISM
(though see Farber et al. 2018), an assumption that is al-
most certainly incorrect (e.g., Zweibel 2017; Xu & Lazarian
2017; Krumholz et al. 2020). Only a few published models
attempt to address the question of CR pressure support in
the neutral ISM for non-Solar neighbourhood (mostly star-
burst or Galactic Centre) conditions (e.g., Thompson et al.
2006; Socrates et al. 2008; Lacki et al. 2010, 2011; Crocker
et al. 2011; Crocker 2012; Lacki 2013; Yoast-Hull et al. 2016;
Yoast-Hull & Murray 2019; Krumholz et al. 2020).
Observations can provide some insight into the impor-
tance of CRs beyond the Milky Way, but thus far those
efforts too have proven limited. The well-known far infrared-
radio correlation (Condon 1992) indicates a correlation be-
tween galaxies’ star formation rates and their leptonic CR
populations, but since synchrotron luminosity depends not
just on CR electron acceleration, but on complex factors
such as the amplitude of the magnetic field and the local
interstellar radiation field, it has proven challenging to draw
strong conclusions about CR acceleration from radio obser-
vations alone. Several authors have argued that radio ob-
servations favour a model in which CR pressure is dynam-
ically weak, but to date all published models have treated
the interstellar medium in a simple one-zone approximation
through which CR transport is described solely by parame-
terised timescales for escape and energy loss (cf. Thompson
et al. 2006; Lacki et al. 2010; Lacki 2013). Moreover, radio
observations directly constrain only leptonic CRs, whereas
hadronic CRs (i.e., protons and heavier ions) carry the bulk
of the CR energy density and pressure. Beyond the Milky
Way, direct detection of γ-rays produced by the hadronic
CRs that carry most of the energy has only recently become
possible with the launch of the Fermi/LAT experiment and
the development of the current generation of Imaging Air
Cherenkov telescope arrays (e.g., Funk 2015). While there
is now an established literature – first anticipating, more re-
cently, contemplating (e.g., Suchkov et al. 1993; Vo¨lk et al.
1996; Zirakashvili et al. 1996; Torres et al. 2004; Domingo-
Santamar´ıa & Torres 2005; Thompson et al. 2007; Persic
et al. 2008; Lacki et al. 2011; Martin 2014; Yoast-Hull et
al. 2016; Pfrommer et al. 2017; Peretti et al. 2019) – the
implications of the γ-ray detection of star-forming galaxies,
the number of star-forming galaxies detected thus far is still
< 10 (e.g., VERITAS Collaboration et al. 2009; Acero et
al. 2009; Abdo et al. 2010; Fermi-LAT collaboration 2012;
Martin 2014; Rojas-Bravo & Araya 2016; Fermi-LAT col-
laboration 2019; Ajello et al. 2020; Xi et al. 2020), and such
γ-rays signals as have been detected may, in any case, be
polluted by contributions from various sources or processes
other than a galaxy’s diffuse, hadronic CR population.1.
This summary of the current state of affairs suggests
that a first-principles effort to understand where and when
CRs might be important, taking into account all the avail-
able observational constraints, seems warranted, and this is
the primary goal of this paper. We seek to cut a broad swathe
across the parameter space of star-forming galaxies, and de-
termine where within this parameter space CRs might be
dynamically significant. In a companion paper, (Crocker et
al. 2020b, hereafter Paper II), we use the framework devel-
oped here to address the closely related question: When can
we expect CRs to start driving winds in the neutral inter-
stellar media of galaxies?
The remainder of this paper is structured as follows: in
Section 2 we present the mathematical setup of our problem
and, in particular, set out the ordinary differential equation
(ODE) system that describes a self-gravitating gaseous disc
that maintains a quasi-hydrostatic equilibrium while sub-
ject to a flux of CRs injected at its midplane; in Section 3
we present, describe, and evaluate the numerical solutions of
our ODEs; in Section 4 we consider the astrophysical impli-
cations of our findings for CR feedback on the dense, star-
forming gas phase of spiral galaxies; we further discuss our
results and summarise in Section 5.
2 SETUP
2.1 Physical Model
The physical system that we consider here is similar to
that in Breitschwerdt et al. (1991, 1993) and Socrates et al.
1 Possible contaminants include individual SNRs and/or leptonic
γ-ray emission via inverse Compton or bremsstrahlung emission.
Emission from AGN may also contribute in some local γ-ray de-
tected galaxies, e.g., NGC 1068, NGC 2403, NGC 3424, NGC
4945, and Circinus (e.g., Ajello et al. 2020).
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(2008), and which we have used in previous studies of radia-
tion pressure feedback (Krumholz & Thompson 2012, 2013;
Crocker et al. 2018a,b; Wibking, Thompson, & Krumholz
2018): an idealised 1D representation of a portion of a
galactic disc consisting of a gas column confined by grav-
ity through which radiation or CRs are forced from below.
We are interested in exploring the equilibrium state of such
a system with the goal of determining under what circum-
stances we expect CRs to be a significant contributor to the
vertical pressure support of galactic discs. In the compan-
ion paper (Paper II), we determine the circumstance under
which it is possible for CRs to launch winds of material out
of galactic discs.
2.1.1 Equations for transport and momentum balance
We work in 1-dimension, z, the height above the midplane2,
and treat CRs in the fluid dynamical limit whereby they be-
have as a fluid of given adiabatic index γc ; below we adopt
the relativistic limit and set γc = 4/3. CRs are injected by
supernova explosions, which we approximate as occurring
solely in a thin layer near z = 0. Adopting, e.g., Eq. 30
from Zweibel (2017) (also cf. McKenzie & Voelk 1982; Bre-
itschwerdt et al. 1993, Eq. 5) to 1-dimension (∇ → d/dz)
and assuming a stationary configuration (∂X/∂t → 0 and
vgas → 0), but also now accounting for collisional energy
losses of cosmic rays (not included in the equation written
down by Zweibel 2017) we have the following equation for
CR transport:
dFc
dz
= − uc
tcol
+ vs
dPc
dz
, (1)
in which Fc = Fc(z) is the CR energy flux, uc = uc(z) is
the CR energy density, Pc = Pc(z) = (γc − 1)uc is the CR
pressure, tcol is the timescale for collisional losses, and the
final term on the RHS of equation 1 describes exchange of
energy between CRs and magnetic waves mediated by the
streaming instability. Here vs is the CR streaming speed,
which depends on the microphysical CR transport mecha-
nism; we defer the question of its value for the moment, and
for now simply treat it as a known quantity. We also omit
second-order Fermi-acceleration, on the grounds that it is
likely unimportant compared to CR escape and collisional
losses (Zweibel 2017). In keeping with our assumption that
all CR injection happens at z = 0, we do not include a source
term in equation 1; instead, we adopt a boundary condition
that Fc takes on some particular non-zero value at z = 0.
The (quasi-)hydrostatic equilibrium condition gives us
a second ODE3:
d
dz
(
Pc + Pgas + PB − 2PBz
)
= −ρgasgz (2)
Here Pgas is the gas pressure, PB = |B|2/(8pi) is the total
magnetic field pressure, −2 dPBz /dz = −(1/4pi)d(|Bz |2)/dz is
2 By symmetry, we can just treat the half-plane from vertical
height z = 0 to z →∞.
3 Note that the magnetic waves launched by CR streaming pro-
vide, in principle, a yet further pressure term (cf. Ko et al. 1991).
However, given that our primary interest below is in the physical
regime where ion-neutral damping quickly kills such waves, we
approximate their pressure contribution as zero.
the magnetic tension force in the vertical direction, ρgas =
ρgas(z) is the volumetric gas density, and
gz (z) = 4piG
[
Σgas,1/2(z) + Σ?,1/2(z)
]
. (3)
is the magnitude of the acceleration in the vertical direction.
This acceleration is due to a combination of stars and gas;
the gas half-column integrated from the midplane to any
height z is
Σgas,1/2(z) =
∫ z
0
ρgas(z′) dz′, (4)
while the stellar half-column is Σ?,1/2. Consistent with our
treatment of CR injection, we assume the stars are in a thin
layer near z = 0, so Σ?,1/2 is constant for all z > 0. The total
column of gas through the disc, i.e., including both z < 0
and z > 0, we denote (without the z argument) as
Σgas = lim
z→∞ 2Σgas,1/2(z) (5)
and the total stellar column is Σ? = 2Σ?,1/2. For future con-
venience, we also define the total gas fraction
fgas =
Σgas
Σgas + Σ?
, (6)
so the total surface mass density is
Σtot =
Σgas
fgas
. (7)
The next step in our calculation is to adopt models for
the various terms appearing in equation 1 and equation 2;
we proceed to do so in the remainder of this section.
2.1.2 Model for gas and magnetic pressure
Essentially all observed galaxies have neutral gas velocity
dispersions that are at least transsonic (e.g., Stilp et al. 2013;
Ianjamasimanana et al. 2015; Caldu´-Primo et al. 2015; for a
recent compilation, see Krumholz et al. 2018), so that turbu-
lent pressure support is as or more important than thermal
pressure. We must therefore adopt a model for turbulence.
Given that this turbulence is injected at scales approach-
ing the gas scale height and cascades down from there, we
shall make the assumption that the turbulent velocity dis-
persion σ of the gas is constant. This position-independent
turbulent velocity dispersion together with the local matter
density sets the dynamical pressure within the gas column:
Pgas(z) = 23uturb(z) = ρgas(z)σ
2 , (8)
where uturb is the turbulent energy density and σ2 = const is
the turbulent velocity dispersion.
We further assume that the ratio of magnetic to turbu-
lent energy is roughly constant, as expected for a magnetic
field that is largely the product of a turbulent dynamo (e.g.,
Ostriker et al. 2001; Federrath et al. 2014; Federrath 2016).
Under this assumption, we can rewrite equation 2 as
dPc
dz
+ φBσ
2 dρgas
dz
= −ρgasgz, (9)
where
φB ≡ 1 +
PB − 2PBz
Pgas
. (10)
MNRAS 000, 1–23 (2020)
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The quantity φB lies in the range 0 to 2, with values > 1
indicating magnetic pressure support and values < 1 indi-
cating confinement by magnetic tension. If the turbulence is
isotropic (i.e., B2z ' |B|2/3), and the Alfve´n Mach number is
MA ' 1 − 2 as expected for a turbulent dynamo (Krumholz
et al. 2020, and references therein), then φB = 73/72, and we
will adopt that value as our fiducial choice.
2.1.3 Model for CR collisional losses
The collisional loss time scale is
tcol(z) =
1
cn(z)σcolηcol
(11)
in which n(z) is the position dependent target nucleon den-
sity, and σcol and ηcol are the total cross-section and inelas-
ticity of the relevant collisional loss process. Given that rel-
ativistic ions dominate the energy density for reasonable as-
sumptions about the CR distribution4, and consistent with
our earlier choice to set γc → 4/3, we shall ignore the en-
ergetically sub-dominant, low energy, sub-relativistic cosmic
ray population and treat the CRs in the relativistic limit.
Given the relativistic CRs are close to or above the pion
production threshold, we shall consequently assume that
CR collisional losses are dominated by hadronic processes
(rather than Coulomb or ionising collisions which dominate
for sub-relativistic CR ions). In this case for the cross-section
and elasticity σcol and ηcol in equation 11 we have (e.g.,
Kafexhiu et al. 2014)
σcol → σpp ' 40 mbarn and ηcol → ηpp ' 1/2 . (12)
Note that the hadronic collision cross-section is only weakly
energy dependent above CR (proton) kinetic energies of Tc ∼
GeV; given that CR protons are expected to dominate the
‘target’ and ‘beam’ populations, we generically label these
as ‘pp’, and we set the target density to n(z) = ρgas(z)/µpmp,
where mp is the proton mass and µp ' 1.17 is the ratio of
protons to total nucleons for a gas that is 90% H, 10% He
by number. For these choices, the collisional loss timescale
is
tcol = 53n−10 Myr = 100ρ
−1
gas,−24 Myr, (13)
where n0 = n/1 cm−3 and ρgas,−24 = ρgas/10−24 g cm−3.
2.1.4 CR fluxes
The final model we must adopt is a description of how CRs
interact with the magnetised turbulence in the ISM, which
in turn will specify the CR flux, Fc . The microphysical pro-
cesses responsible for scattering and confining CRs are sig-
nificantly uncertain, and for this reason we will leave our
analysis as generic as possible for the moment, deferring
4 Specifically, we assume that the ions follow a power law distri-
bution in (the absolute magnitude of the) momentum (Bell 1978),
p, falling somewhat more steeply than p−2 as a result of first-order
Fermi acceleration in combination with transport timescales that
also decline with momentum. CR electrons, which suffer consid-
erably more severe losses than ions, are expected (e.g., Strong et
al. 2010) to constitute <∼ few % of the total cosmic ray energy
density for ISM conditions in star-forming galaxies.
detailed models to Section 2.3. We treat the flux in the
standard diffusion approximation (Ginzburg & Syrovatskii
1964), whereby
Fc = −κ ducdz . (14)
It is convenient to normalise κ to its minimum possible value,
by writing
κ = Kκconv, (15)
where
κconv =
z∗σ
3
=
σ3 fgas
6pi G Σgas
' 3.8 × 1026 cm2 s−1 σ31 fgas Σ−1gas,1, (16)
z∗ is the gas scale height (defined precisely below), and we
have defined σ1 = σ/10 km s−1 and Σ1 = Σgas/(10 M pc2);
the velocity dispersion and gas surface density to which we
have scaled are the approximate values in the Solar neigh-
bourhood. Here κconv is the “convective” diffusion coefficient
that would apply if we were to assume that CRs were per-
fectly frozen into the gas, and were mixed solely by passive
advection along with the gas, which is stirred by turbulence
with a characteristic coherence length of order the galactic
scale height (Tennekes & Lumley 1972). Since convection
occurs in addition to whatever processes might allow CRs
to move relative to the gas, the true diffusion coefficient is
always greater than the convective one, and thus we have
K & 1.
In addition to the value of K, we must adopt a model
for its dependence on density or scale height. This is inextri-
cably linked to the microphysical model of CR propagation
that we will discuss below, but for now we note that we
generically expect K to rise as the density falls. This is be-
cause, as one moves out of the midplane of galaxies, magnetic
fields become progressively less turbulent, more ordered, and
weaker (Beck 2015), presenting less of a barrier to CR propa-
gation. Given the uncertainties of exactly how the disc-halo
transition for the magnetic field occurs, we elect to follow
Krumholz et al. (2020) by parameterising our ignorance: we
assume that the dimensionless diffusion coefficient K scales
with the gas density as
K = K∗
(
ρgas
ρ∗
)−q
, (17)
where ρ∗ and K∗ are normalising factors that we are free to
choose. As we discuss below in the context of our specific
CR propagation models, the plausible range for the index q
is q = 1/6 − 1/2. We will adopt q = 1/4 as a fiducial choice;
Krumholz et al. (2020) show that the results of CR propa-
gation models are not highly sensitive to this choice, within
the plausible physical range.
2.2 Non-dimensionalisation
We have now specified models for all terms appearing in the
transport and hydrostatic balance equations. Our next step
is to non-dimensionalise the equations and, in the process,
extract the key dimensionless numbers that govern the sys-
tem. The natural length scale for our system is the scale
MNRAS 000, 1–23 (2020)
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height of the disc imposed by turbulence,
z∗ =
σ2
g∗
, (18)
where
g∗ = 2piG
Σgas
fgas
(19)
is the characteristic acceleration due to the matter column.5
The length scale z∗ also immediately defines a characteristic
density scale
ρ∗ =
Σgas
2z∗
=
piG
fgas
(
Σgas
σ
)2
, (20)
which gives the typical density of gas near the midplane.
Other natural scales are the characteristic midplane
pressure P∗ (with related energy density u∗ = (3/2)P∗) is
given by
P∗ = g∗ρ∗z∗ = ρ∗σ2 =
piG
fgas
Σ2gas, (21)
and the associated flux required if the pressure is carried
by a collection of relativistic particles in the free-streaming
limit
F∗ = cP∗ =
piGc
fgas
Σ2gas. (22)
We now proceed to non-dimensionalise our system by
defining the non-dimensional variables
ξ =
z
z∗
s(ξ) = Σgas,1/2(z)ρ∗z∗

z=z∗ξ
pc(ξ) = Pc(z)P∗

z=z∗ξ
Fc(ξ) = Fc (z)F∗

z=z∗ξ
. (23)
Here ξ, s, and pc are the dimensionless height, gas (half)
column, CR pressure, and flux; ds/dξ is the dimensionless
gas density. The physical density is
ρ(z) = ρ∗ dsdξ

ξ=z/z∗
. (24)
Changing to these variables, the CR transport equation,
equation 1, becomes
dFc
dξ
= −3 z∗
ctcol
pc + βs
dpc
dξ
(25)
where βs ≡ vs/c. Making use of equation 15 and equation 17,
the dimensionless flux is
Fc = −K∗β
(
ds
dξ
)−q dpc
dξ
, (26)
where β ≡ σ/c. Similarly non-dimensionalising the colli-
sional loss term (equation 11), we have
3z∗
ctcol
=
3ηppσpp
µpmp
Σgas
2
ds
dξ
. (27)
5 Note that, given our assumption the stars are distributed in a
vanishingly thin sheet, this is the scale height of the gas distribu-
tion in the limit fgas → 0. In the opposite limit, fgas → 1, the scale
height goes to 2z∗.
We define
Σpp ≡
µpmp
3ηppσpp
' 33 g cm
−2
(ηpp/0.5)(σpp/40 mbarn) ' 1.6×10
5 M/pc2
(28)
as the grammage required to decrease the CR flux by one
e-folding, so that
3z∗
ctcol
=
Σgas
2Σpp
ds
dξ
≡ τpp dsdξ . (29)
Here τpp is the ratio of the gas half-surface density to Σpp,
which represents the optical depth to absorption that a CR
travelling in a straight line out of the galaxy would expe-
rience; we will see below that the actual optical depth to
escape the galaxy is much larger than this. Inserting the
quantities above into equation 25, and with some minor re-
arrangement, we arrive at the following form of the dimen-
sionless cosmic ray transport equation:
d
dξ
[
−
(
ds
dξ
)−q dpc
dξ
]
= −τabs
ds
dξ
pc + τstream
dpc
dξ
, (30)
where
τstream =
βs
K∗β
=
1
K∗
vs
σ
(31)
τabs =
τpp
K∗β
. (32)
Equation 30 asserts that the change in CR flux with re-
spect to height (the LHS) is equal to the rate at which CRs
are lost due to collisions (the first term on the RHS) and
dissipation of CR energy into Alfve´n waves, and ultimately
into thermal energy, via the streaming instability (the sec-
ond term on the RHS), and we can conceptualise τabs and
τstream as the “absorption” and “streaming” optical depths of
the gas column to CRs. As noted above, the effective ab-
sorption optical depth τabs is larger than the optical depth
τpp experienced by a CR travelling in a straight line at c
by a factor of 1/K∗β  1. This factor accounts for the fact
that, although the effective speed of CRs diffusing out of
the disc is K∗σ, their microphysical speed is still c, so the
reduction in effective speed means that grammage they tra-
verse in going a given distance must be increased by a factor
c/K∗σ.
Repeating these procedures for the equation of momen-
tum balance, equation 2, and making use of equation 9,
yields the non-dimensionalised equation
dpc
dξ
+ φB
d2s
dξ2
= − (1 − fgas) dsdξ − fgass dsdξ . (33)
The terms in equation 33 are, from left to right, the pressure
gradient due to CRs, the pressure gradient due to combined
turbulence plus magnetic support, the gravitational acceler-
ation due to stellar gravity, and the acceleration due to gas
self-gravity.
Finally, our system of equation 30 and equation 33 is
fourth order in total, and thus requires four boundary con-
ditions. Two of these are
s(0) = 0 (34)
lim
ξ→∞ s(ξ) = 1, (35)
which amount to asserting that the gas half column is zero at
the midplane, and that limz→∞ Σgas,1/2(z) = 1/2 Σgas. For the
MNRAS 000, 1–23 (2020)
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boundary conditions on the CR pressure, we can rearrange
the dimensionless CR flux, equation 26, and evaluate it at
ξ = 0. This generates a third boundary condition,
−
(
ds
dξ
)−q dpc
dξ

ξ=0
=
τstream
βs
Fc,0
F∗
≡ fEdd, (36)
where the quantity fEdd is the ratio of the incoming CR flux
to the Eddington flux, defined here as the flux for which the
momentum flux carried in the +z direction by the cosmic
rays matches the momentum flux in the −z direction due
to gravity. Note here that Fc,0 is enhanced by the factor
τstream/βs that accounts for the diffusive nature of the CR
transport (c.f., Socrates et al. 2008).
To obtain the final boundary condition, we follow
Krumholz et al. (2020) and demand that the solution of
CR propagation within the disc join smoothly to the solu-
tion for free-streaming CRs as z → ∞, on the basis that,
once one is sufficiently high above the disc, field lines should
straighten out and CRs should be able to free-stream to in-
finity at the Alfve´n velocity. This condition requires that the
CR enthalpy flux obey
lim
z→∞
Fc
uc + Pc
= vs,∞, (37)
where vs,∞ is the streaming speed well above the disc. In
terms of the dimensionless parameters, this becomes
lim
ξ→∞
1
τstream,∞
(
ds
dξ
)−q dpc
dξ
= lim
ξ→∞ 4 sign
(
dpc
dξ
)
pc(ξ), (38)
with τstream,∞ defined identically to τstream, but with vs,∞ in
place of vs (c.f. equation 31). In general we expect vs,∞ > vs
and thus τstream,∞ > τstream, because the density falls faster
than the magnetic field strength as z increases (though this
may be compensated for by increases in the ionisation frac-
tion with height – see Section 2.3.1). However, in prac-
tice this makes little difference; numerical experimentation
shows that varying the ratio τstream,∞/τstream over the range
1 − 100 leads to  1% changes in the density and pressure
profiles of the resulting solutions. This is not surprising: the
choice of τstream,∞ sets the effective propagation speed of CRs
at z  0, but as long as this speed is large compared to the
effective propagation speed near the midplane, which it is for
any reasonable choice of τstream,∞/τstream, the exact numerical
value of τstream,∞ has little effect on the results. For simplicity
we will therefore adopt τstream,∞ = τstream hereafter.
2.3 CR transport models
The values of K and vs depend on the microphysics of CR
confinement, which, as noted above, are substantially un-
certain. For this reason, we consider three possible transport
models, three based on theory and one purely empirical, that
differ in their predicted scalings of κ with large-scale galaxy
properties. For convenience, we collect the predicted scalings
of various parameters with galaxy properties in Table 1, and
we compare the various models in Section 2.3.4.
As presaged above, for any model of CR diffusion, con-
vective transport sets a lower limit to the diffusion coeffi-
cient. Moreover, convection is likely to be roughly the correct
model for transport if CRs are self-confined by the stream-
ing instability and the medium in which they propagate is
mostly ionised. This is because, for CRs with energies ∼ 1
GeV, the streaming velocity is close to the Alfve´n speed even
in mostly ionised media (Skilling 1971; Wiener et al. 2017).
Thus, if the turbulence is Alfve´nic or mildly super-Alfve´nic,
per our dynamo-inspired model, convective transport will in
fact dominate.
In this scenario, we trivially have K∗ = 1 (with the di-
mensional diffusion coefficient given by equation 16) which
implies a maximum escape time through the gas column
tesc,diff = 100 fgas
σ1
Σgas,1
Myr. (39)
The absorption optical depth for convective transport is
τabs =
τpp
β
= 1.1
Σgas,1
σ1
; (40)
this sets an upper limit to the effective τabs for the transport
modes discussed below.
2.3.1 Streaming plus field line random walk
Our first model, which we will use as our fiducial choice
throughout the paper, is that presented by Xu & Lazarian
(2017) and Krumholz et al. (2020). We refer readers to those
papers for full details, and here simply summarise the most
important results. The motivation for this model is that the
star-forming part of the interstellar medium, the part that
dominates the mass budget and for which we are interested
in feedback effects, is neutral rather than ionised; even by
volume the neutral material occupies ∼ 50% of the avail-
able space at the midplane (e.g. Dekel et al. 2019), rising
to near unity as one goes to more gas-rich and intensely
star-forming systems. Thus, even though CRs may spend a
significant portion of their lives in the ionised galactic halo
(as is observed to be the case in the Milky Way), transport
through the neutral ISM that dominates the mass budget is
what matters for the purposes of determining whether CRs
provide significant pressure support.
In a predominantly neutral medium, strong ion-neutral
damping cuts off the turbulent cascade in the ISM, and de-
couples ions from neutrals, at scales far larger than the gyro-
radii of ∼GeV CRs. Consequently, dissipation of CR energy
via streaming instability occurs into Alfve´n waves that prop-
agate in the ions alone, and thus have speed
vs = vA,i =
vA√
χ
=
σ√
2χMA
(41)
where χ is the ionisation fraction by mass, MA is the Alfve´n
Mach number of the turbulence in the ISM, and the fac-
tor two in the denominator of the last term arises from the
assumption that Alfve´nic modes carry half the turbulent en-
ergy. As noted above, dynamo models predict MA ' 1−2. We
adopt MA = 1.5 as a fiducial choice unless noted otherwise,
but explore this dependence below.
Since the external turbulence does not couple to CRs,
CR transport in such a medium occurs predominantly by
MNRAS 000, 1–23 (2020)
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Quantity
CR Transport Model
Streaming Scattering Constant κ∗
(Section 2.3.1) (Section 2.3.2) (Section 2.3.3)
K∗ 1√2χM4
A
1
β
(
G
2 fgas
)p/2 ( ECRMA
eσ2
)p 6piGΣgasκ∗,MW
fgasσ3
vs/σ 1√2χMA
1√
2MA
1√
2MA
τstream M3A
β√
2MA
(
G
2 fgas
)−p/2 ( ECRMA
eσ2
)−p fgasσ3
6
√
2piGMAκ∗,MWΣgas
τabs
√
2χM4
A
β τpp
(
G
2 fgas
)−p/2 ( ECRMA
eσ2
)−p
τpp
fgasσ2c
6piGΣgasκ∗,MW τpp
Table 1. Key dimensionless quantities for the four CR propagation models considered in this paper. In this table, MA is the Alfve´n Mach
number of the Alfve´nic turbulent modes, σ is the gas velocity dispersion, β = σ/c, Σgas is the gas surface density, fgas is the gas fraction,
ECR is the CR energy, p is the index of the turbulent magnetic field fluctuation-size relation (1/3 for Kolmogorov, 1/2 for Kraichnan),
κ∗,MW is our fiducial Milky Way diffusion coefficient, and τpp is the optical depth of the galactic disc to CRs moving in straight lines at c.
CRs streaming along field lines at the ion Alfve´n speed6,
coupled with the random walk of those field lines in the
overall turbulence. The corresponding diffusion coefficient is
κ =
vA,i lcoh,B
3
, (42)
where lcoh,B is the coherence length of the magnetic field,
which for a dynamo-generated field is
lcoh,B '
z∗
M3
A
. (43)
Consequently, for this model we adopt
K∗ =
1√
2χM4
A
' 22.4
χ
1/2
−3 M
4
A
(44)
It immediately follows that7
τstream = M3A (45)
τabs =
√
2χM4
A
β
τpp = 0.043
M4
A
Σgas,1
χ
1/2
−3 σ1
, (46)
where χ−3 = χ/10−3; the ionisation fraction to which we
have chosen to normalise is intermediate between the val-
ues of ∼ 10−4 found in starbursts (Krumholz et al. 2020)
and the value ∼ 10−2 found in the warm atomic medium of
galaxies like the Milky Way (Wolfire et al. 2003). Thus τabs
is somewhat less than unity for Milky Way-like parameters,
but becomes larger than unity for galaxies with larger gas
surface densities. As discussed in Krumholz et al. (2020), the
6 For CR energies  GeV, given a reasonable power-law spec-
tral distribution, the energy density of CRs available to excite
magnetic field fluctuations at a given gyroradius scale declines
sufficiently that the balance between streaming instability and
ion-neutral damping no longer implies a streaming speed that is
very close to the Alfe´n speed. At this point the streaming veloc-
ity then starts to grow again with energy; see Krumholz et al.
(2020). However, in this paper we focus solely on the ∼GeV CRs
that dominate the CR pressure, and these are essentially always
in the regime where the streaming speed is close to the Alfve´n
speed.
7 Note that, for this streaming case, that the optical depth to
scattering is given by z∗/lcoh,B = M3A which is identically equal to
τstream. Thus for MA > 1 we are safely in the diffusive regime.
value of q for this model, which specifies the density scal-
ing, is uncertain because it depends on how the ionisation
fraction and coherence length of the magnetic field vary with
height. However, Krumholz et al. (2020) also show that their
results are not terribly sensitive to this choice.
For reference, the corresponding dimensional diffusion
coefficient is8
κ∗ ' 8.5 × 1027
σ31 fgasM
−4
A√
χ−3 Σgas,1
cm2 s−1, (47)
and the diffusive escape time is
tesc,diff =
z2∗
2κ∗
' 4.9
M4
A
fgas χ
1/2
−3 σ1
Σgas,1
Myr. (48)
For comparison, note that the collisional loss timescale
(equation 11) is
tcol =
µpmp
cρ∗σcolηcol
= 110 fgas
(
σ1
Σgas,1
)2
Myr. (49)
Thus for Milky Way-like parameters the collisional loss
time is substantially longer than the diffusive escape time,
and most CRs do not produce observable γ-ray emission.
However, given the generic dependencies tcol ∝ Σ−2gas and
tesc,diff ∝ Σ−1gas, collisional losses will always win out over diffu-
sive escape at sufficiently high gas surface density (for other
parameters held fixed). This same point will apply equally
to all the models we consider.
It is also interesting to compare these two timescales
8 Note that Farber et al. (2018) present numerical MHD sim-
ulations where they try to incorporate the effect of ion-neutral
damping on CR transport in neutral ISM gas via the expedi-
ent of a diffusion coefficient that increases by a factor of ten to
3.0 × 1028 cm2 s−1 in gas below a temperature of 104 K. However,
we find that transport is not necessarily faster for the “Stream-
ing” case than for the “Scattering” case; in general this depends
on χ, fgas, and other properties, as can be seen by comparing
equation 47 to the equivalent expression for scattering derived
below, equation 57. Over the range of properties explored by ob-
served galaxies, one can find regimes where both scattering and
streaming give larger diffusion coefficients. We also find that, for
the range of parameters we expect to encounter in galaxies, the
“Streaming” diffusion coefficient is substantially lower than Far-
ber et al.’s assumed 3.0 × 1028 cm2 s−1.
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to the timescale for loss of CR energy due to damping via
streaming instability. By analogy with tcol in equation 25,
we can define the characteristic streaming loss time as
tstream =
3z∗
vs
= 4.9
MA fgas χ
1/2
−3 σ1
Σgas,1
Myr (50)
Thus we see that, for the fiducial parameters for this model,
in a Milky Way-like galaxy the streaming loss timescale is
comparable to the escape time and much smaller than the
collisional loss time. However, this conclusion is very sensi-
tive to the assumed Alfve´n Mach number (tesc,diff/tstream ∝
M3
A
). Moreover, the streaming loss timescale has the same
dependence on Σgas as the escape timescale, and so collisional
losses increase in importance relative to streaming losses as
one moves to higher surface density galaxies.
2.3.2 Scattering off extrinsic turbulence
Our second theoretically-motivated model is intended to ap-
ply in ionised regions. Roughly half the volume at the mid-
plane of discs of normal galaxies is ionised, and this fraction
rises as one moves into the halo, where CRs spend much of
their time. Thus, despite the fact that we are mainly inter-
ested in the feedback effects of CRs in the neutral ISM, we
must consider the possibility that CR propagation is mainly
through the ionised phase, and that the force applied by
CRs to the neutral ISM occurs primarily at the neutral-
ionised interface. In an ionised gas, the turbulent cascade in
the magnetic field does reach down to the CR gyroradius;
however, there is a great deal of uncertainty about whether
CRs are confined primarily by Alfve´n waves that they them-
selves create via the streaming instability, or primarily by
waves cascading from larger scales, or some combination of
both (e.g., Zweibel 2017; Blasi 2019, and references therein).
If CRs are predominantly self-confined, then the transport
mechanism is much the same as for the case of predomi-
nantly neutral medium, simply with the ionisation fraction
χ = 1. On the other hand, if they are confined by scattering
off the ambient turbulence in the ISM, then we can compute
the resulting diffusion coefficient for highly relativistic CRs,
following, e.g., Jokipii (1971) or Lacki (2013), as
κ ' cr
p
g z
1−p
∗
3
, (51)
where we have assumed that z∗ is the outer scale of the
turbulence,
rg ' ECR2eB , (52)
is the CR gyroradius (assuming a mean sin pitch angle of
1/2), and p depends on the index of the turbulent spectrum:
p = 1/3 for a Kolmogorov spectrum and p = 1/2 for a Kraich-
nan spectrum. We will adopt p = 1/2 as a fiducial choice,
and use this value for all numerical evaluations; however,
we give results for general p. The factor q that describes
the density scaling is q = p/2, i.e., for our fiducial p = 1/2,
we have q = 1/4, so the diffusion coefficient decreases with
density as κ ∝ ρ−1/4.
We are interested in evaluating this near the midplane,
where the characteristic magnetic field strength in the ISM,
B∗, is given by
B∗ =
√
2piρ∗
MA
σ =
√
2 G
fgas
pi Σgas
MA
(53)
Making this substitution, with a bit of algebra we obtain
K∗ ' 13β
(
ECRMA
eσ2
√
G
2 fgas
)p
' 0.25 M1/2
A
E1/2CR,0 f
−1/4
gas σ
2
1 (54)
where ECR,0 = ECR/1 GeV (and we have adopted the fiducial
p = 1/2 for the numerical evaluation). However, note the
general restriction that K∗ > 1, since this is the limit set by
convective transport of CRs; thus galaxies with low velocity
dispersions will be in this convective limit.
As discussed by Zweibel (2017) among others, it is im-
portant to distinguish between the case where the turbu-
lent Alfve´n waves that scatter CRs is balanced, i.e., roughly
equal power in Alfve´n waves propagating in both directions
along a field line, and unbalanced, where the Alfve´n waves
are predominantly in a single direction. In the latter case the
CRs can stream with the Alfve´n waves (although the trans-
port is still dominated by scattering rather than streaming,
i.e., streaming does little to increase the value of K∗), and
streaming losses occur. In the former, streaming losses due
to Alfve´n waves propagating in one direction are compen-
sated by energy gain from waves propagating in the opposite
direction, and there is no net streaming loss; indeed, there
may be a net gain of energy by the CRs due to second-order
Fermi acceleration. For the present CR transport model, we
are interested in a case where the majority of the stellar feed-
back driving the turbulence is injected near the midplane.
Thus we will assume that the Alfve´n modes in the turbulence
are unbalanced, with waves leaving the midplane predomi-
nating. In this case the effective speed that determines the
streaming loss is vs = vA, and the streaming
9 and absorption
optical depths are therefore
τstream =
β√
2MA
(
ECRMA
eσ2
√
G
2 fgas
)−p
' 0.96 M−3/2
A
E−1/2CR,0 f
1/4
gas σ
2
1 (55)
and
τabs = τpp
(
ECR MA
eσ2
√
G
2 fgas
)−p
' 1.3 M−1/2
A
E−1/2CR,0 f
1/4
gas σ1Σgas,1. (56)
Again, note that these expressions are valid for K∗ > 1.
For this model the dimensional diffusion coefficient and
9 Note that, for this scattering case – and for the case of constant
diffusion coefficient outlined below – the optical depth to scatter-
ing is given by z∗/λmfp = cz∗/(3κ∗) = 1/βAτstream. Thus, while we
shall find below that τstream <∼ 1 for parameters apposite to real
galaxies and for the “scattering” and constant κ∗ cases, at the
same time, we find scattering optical depths >∼ 1000 and >∼ 100 for
these two cases, respectively so we are, again, well into the dif-
fusive regime. The CR optical depth to scattering is the direct
analogue to what Socrates et al. (2008) label τCR.
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escape time, for K∗ > 1, are
κ∗ = 9.4 × 1025 M1/2A E
1/2
CR,0 f
3/4
gas
σ1
Σgas,1
cm2 s−1 (57)
tesc,diff = 440 M
−1/2
A
E−1/2CR,0 f
5/4
gas
σ31
Σgas,1
Myr. (58)
The corresponding values for K∗ = 1 are given by equation 16
and equation 39, respectively. The streaming loss time is
tstream =
3z∗
vA
= 150
MA fgasσ1
Σgas,1
Myr, (59)
and the collisional loss time is independent of the CR trans-
port model (equation 49). Thus in this CR transport model
streaming losses occur a factor of a few more slowly than
collisional losses even for Milky Way-like conditions, and be-
come even less important in higher surface density galaxies.
2.3.3 Constant diffusion coefficient
Our final, purely empirical, model is simply to plead igno-
rance as to the true value of the diffusion coefficient as a
function of galaxy properties, and adopt the empirically-
determined Milky Way one for all galaxies: κ∗ ≈ κ∗,MW ≡
1 × 1028 cm2 s−1, as estimated empirically for ∼GeV CRs in
the Milky Way (e.g., Ptuskin et al. 2006). In our dimension-
less variables, this corresponds to
K∗ =
κ∗,MW
κconv
' 2.6 Σgas,1
fgasσ31
. (60)
Note that this assumption can produce K∗ < 1, which is un-
physical, but we do not enforce this condition for the pur-
poses of comparing to previous works in which κ∗ has been
treated as constant. For this model we also adopt vs = vA,
in which case we have
τstream =
1√
2MAK∗
= 0.27
fgasσ31
MAΣgas,1
(61)
τabs =
τpp
K∗β
= 0.37 fgasσ21 . (62)
The diffusive escape time is
tesc,diff = 21 f 2gas
σ41
Σ2gas,1
Myr, (63)
and the streaming timescale is identical to that in the scat-
tering model (equation 59).
2.3.4 Comparison of transport models
Before proceeding to apply the various CR transport models,
it is helpful to develop some intuition by comparing their
predictions for the key dimensionless (K∗, τabs, τstream) and
dimensional (κ∗, tesc,diff , tcol, tstream) parameters that describe
the system as a function of galaxy gas surface density. Since
these quantities also depend on additional quantities such as
the gas velocity dispersion and gas fraction, it is helpful to
consider a few cases that are representative of different types
of galaxies. We consider three parameter sets, which we can
imagine as describing typical values in local spiral galaxies,
starburst / merger systems, and a case intermediate between
these extremes. We summarise the parameters we adopt for
Quantity
Galaxy Model
Local Intermediate Starburst
Σgas [M pc−2] 100 − 102.5 101 − 103.5 102.5 − 105
σ [km s−1] 10 30 100
fgas 0.1 0.4 0.7
χ 10−2 10−3 10−4
Table 2. Example galaxy parameters. The range given for Σgas is
the approximate range in galaxy surface densities over which the
indicated parameter sets are plausible.
these three cases in Table 2. In all cases we adopt MA = 1.5
and ECR = 1 GeV.
We plot dimensionless and dimensional parameters for
our CR transport models in Figure 1. The figure allows a few
immediate observations. First focus on the top two rows,
showing K∗ and κ∗. The streaming and scattering models
give nearly identical values of K∗ and κ∗ for local galaxy
conditions. However, the two models change in different di-
rections as we shift from the local to the starburst regime:
a scattering model predicts less and less efficient diffusion
in higher surface density galaxies, eventually saturating at
the convection limit, while the streaming model predicts
more rapid transport in starburst galaxies due to the higher
neutral fraction, and thus higher streaming speed, in these
galaxies interstellar media. The constant κ∗ model is qual-
itatively different. For the other models, as the gas surface
density rises, reducing the scale height and increasing the
density, the CR diffusion coefficient goes down. If one as-
sumes constant κ∗, this does not happen, and K∗ can be far
larger or smaller than the convective value. The former is
certainly unphysical, and the latter is likely unrealistic as
well, and thus we will not consider the constant κ∗ model
further in this work.
Now consider the lower two rows, which show the di-
mensionless scattering and absorption optical depths, and
the loss times. Again, we can make a few immediate obser-
vations. At higher gas surface densities, τabs always becomes
larger than unity, and tcol smaller than tesc,diff or tstream. Thus
we expect galaxies to become increasingly calorimetric and
dominated by collisional losses as we go from low to high gas
surface density, with a transition to calorimetry occurring at
∼ 100− 1000 M pc−2 depending on model parameters. The
sole exception to this is if one assumes constant κ∗, in which
case the ratio of escape to collisional loss time is independent
of gas surface density; again, this is unphysical. A second re-
sult of note is the relative size of the streaming optical depth
τstream and streaming loss time tstream in the different mod-
els. Streaming losses are strongest in the streaming case, and
thus should play a significant role over nearly all of param-
eter space. They are comparably much less important for a
scattering transport model.
3 COSMIC RAY EQUILIBRIA
Having obtained our dimensionless equations and considered
the microphysics of CR transport, we now proceed to explore
the properties of CR equilibria.
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Figure 1. Dimensionless (K∗, τstream, τabs) and dimensional (κ∗, tesc,diff , tcol, tstream) quantities as a function of gas surface density predicted
by our CR transport models. The three columns are for the local, intermediate, and starburst cases, whose parameters are given in
Table 2. Note that the horizontal axis range is different for each column; we have limited to axis range to gas surface densities that are
reasonably plausible for each particular set of parameters.
3.1 Numerical method
While it is possible to solve equation 30 and equation 33 an-
alytically in certain limiting cases, in general they must be
solved numerically. Our first step is therefore to develop an
algorithm to obtain solutions. Because the boundary condi-
tions, equation 35 - equation 38, are specified at different
points (two at ξ = 0 and two at ξ = ∞), the system is a
boundary value problem, which we must solve iteratively.
Our first step is to make a change of variables to a form
that renders the system somewhat more stable for numerical
integration. We use as our integration variables s, ln(ds/dξ) ≡
ln r, ln pc , and fc ≡ Fc/K∗βpc ; intuitively, these quantities
are the column density, the logarithmic volume density, the
logarithmic CR pressure, and the effective CR propagation
speed. In terms of these variables, equation 30, equation 33,
and their boundary conditions (equation 35 - equation 38)
become
d
dξ
©­­­«
s
ln r
ln pc
fc
ª®®®¬ =
©­­­­«
r
φ−1B
(
fgas − 1 − fgass + pcrq−1 fc
)
rq fc
−τabsr − τstreamrq fc + rq f 2c
ª®®®®¬
, (64)
with boundary conditions s(0) = 0, limξ→∞ s(ξ) = 1, fc(0) =
fEdd/pc(0), and limξ→∞ fc(ξ) = 4τstream,∞.
We then solve this system using a shooting algorithm:
we have s(0) = 0 from equation 35, and we start with an
initial guess for the mid-plane log density ln r(0) and CR
pressure ln pc(0). These choices together with equation 36
allow us to compute the effective propagation speed fc(0) at
the midplane, so that we now have a set of four initial values
MNRAS 000, 1–23 (2020)
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at ξ = 0. We can then integrate the system outward toward
ξ →∞, stopping when either (1) s and fc both approach con-
stant values, or (2) ln r or ln pc diverge to negative infinity,
or (3) fc diverges to positive infinity. The integration must
be carried out with care, since at large ξ the system becomes
extremely sensitive to numerical noise; we use a fourth-order
implicit Runge-Kutta method to maintain stability. We then
carry out a double-iteration procedure: we hold ln r(0) fixed
and iteratively adjust ln pc(0) until we find a value such that
limξ→∞ fc = 4τstream (equation 38). This choice will not in
general satisfy the condition that limξ→∞ s(ξ) = 1 (equa-
tion 35), and thus we next iteratively adjust ln r(0) until
this boundary condition is satisfied. We note that, for suf-
ficiently large fEdd, the procedure does not converge, and it
is not possible to find a solution that satisfies the boundary
conditions. We defer further discussion of this case to the
companion paper, CKT20b.
3.2 Gas density and cosmic ray pressure profiles
Our next step, now that we have an algorithm to gener-
ate solutions, is to develop some intuition for the behaviour
of solutions and their dependence on the four fundamental
parameters for our system: τstream (equation 31), τabs (equa-
tion 32), fEdd (equation 36), and fgas. We plot example di-
mensionless gas density and CR pressure profiles in Figure 2.
In each of the four panels shown, we vary one quantity, as
indicated in the legend, while holding the other three con-
stant; the quantities not indicated in the legend have values
log fEdd = 10−0.75, τabs = 1, τstream = 1, and fgas = 0.5, and in
all cases we adopt our fiducial values φB = 73/72 and q = 1/4.
The range of parameters we have chosen are representative
of the range found in observed galaxies, as we discuss below.
We can understand the results shown in each of the pan-
els intuitively. In the top panel, we see that smaller values
of fEdd yield (not surprisingly) smaller CR pressures, and
density profiles that are close to the values that would be
obtained absent CR pressure. As fEdd rises, the density pro-
file becomes more extended and develops a long tail at high
ξ that is supported by CR pressure (cf. Ghosh & Ptuskin
1983; Chevalier & Fransson 1984; Ko et al. 1991). At the
highest fEdd, a mild density inversion appears near ξ = 0.
We show in Appendix A that in such regions the solution
becomes Parker unstable, but that this is unlikely to signif-
icantly modify any of our conclusions. We therefore ignore
Parker stability considerations for the remainder of the main
text.
Turning to the second and third panels, we see that
τabs and τstream mainly control how rapidly the CR pressure
drops with ξ – larger opacities lead to sharper drops, as
more and more CRs are lost to absorption or streaming.
The value of τstream has more dramatic effects than the value
of τabs, because τstream not only controls streaming losses, it
controls the boundary condition at infinity: smaller τstream
corresponds to a smaller ratio of Fc/(uc + Pc) (i.e., less flux
per unit CR enthalpy) as z → ∞. Thus smaller τs implies
larger CR pressure and energy at large z.
Finally, we see that the gas fraction has relatively small
effects on either the density or CR pressure profiles. More
gas-rich systems experience more flattening of the density
profile near ξ = 0 as a result of CR pressure support; this
is simply a consequence of the fact that the gravitational
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Figure 2. Profiles of (dimensionless) volumetric density r(ξ)
(solid) and (dimensionless) CR pressure pc (ξ) (dashed). In each
panel, one of the four fundamental parameters – fEdd, τabs, τstream,
and fgas – is varied (as indicated in the legend), while the other
three are held constant; the constant values we adopt are fEdd =
10−0.25, τabs = 1, τstream = 1, and fgas = 0.5.
acceleration builds up more slowly with ξ for larger fgas, and
thus gravity is weaker near the midplane, making it easier
for CR pressure to flatten the density profile.
3.3 Cosmic ray pressure contribution and
calorimetry
In this paper we are interested in where CRs are dynami-
cally important for helping support the interstellar medium,
and we are now in a position to answer this question in
the context of our models. Figure 3 shows the ratio of CR to
turbulent pressure computed for a sample of parameters. We
MNRAS 000, 1–23 (2020)
12 R. M. Crocker et al.
show this ratio computed in two ways: the midplane value
(dashed lines), and the average value of the first gas scale
height (solid lines). For this purpose we define a scale height
to be the value of ξ for which s(ξ) = 1 − e−1, i.e., the scale
height is defined as the height for which the fraction of the
gas mass below that height has the same value as it would
at one scale height in an exponential atmosphere. Clearly we
see that, as fEdd is dialled upwards, the CRs make a larger
and larger contribution to the total pressure, becoming dom-
inant at sufficiently large fEdd; indeed, for sufficiently large
fEdd, the midplane density drops to zero (as indicated by
the dashed lines in the figure diverging to infinity), and no
hydrostatic equilibrium is possible, a topic to which we re-
turn in Paper II. We truncate the lines in the plot when
this condition occurs. We also see that the CR pressure con-
tribution drops as we increase the optical depth due to the
increasing importance of losses, particularly as one moves
away from the midplane. For the highest optical depth cases
shown in Figure 3, the ratio of CR pressure to gas pressure
is almost an order of magnitude smaller averaged over the
scale height than at the midplane, due to the rapid loss of
CRs with height when τabs or τstream are large. Conversely, at
low optical depth and low fEdd, the ratio of CR pressure to
gas pressure averaged over a scale height is generally larger
than it is at the midplane, due to the larger scale height of
the CRs compared to the gas in these models.
The primary observational signature of hadronic CRs
beyond the Milky Way is γ-ray emission, and it is therefore
interesting to ask what fraction of relativistic CRs are ab-
sorbed in collisions (i.e., lost to pion production) and thus
are available to produce observable γ-rays. We can compute
this calorimetric fraction from our solutions for the density
and pressure profiles r(ξ) and pc(ξ) in two ways. One is sim-
ply to note that the rate per unit volume at which CRs are
lost to pp collusions is uc/tcol. Thus if we integrate over the
full gas column, and then divide by the flux Fc(0) of CRs
injected per unit area, we have
fcal =
1
Fc(0)
∫ ∞
0
uc
tcol
. (65)
It is straightforward, if algebraically tedious, to rewrite the
right hand side in terms of non-dimensional quantities us-
ing the transformations given in Section 2.2. However, one
can obtain the same result with significantly more insight by
instead starting from the dimensionless CR transport equa-
tion, equation 30. Let us define q = −(ds/dξ)−qdpc/dξ =
Fc/K∗β as the dimensionless, scaled CR flux; from equa-
tion 36, we have q(0) = fEdd. If we now divide both sides of
equation 30 by the injected CR flux q(0) and then integrate
from 0 to ξ, the result is
q(ξ)
fEdd
= 1 − τabs
fEdd
∫ ξ
0
rpc dξ − τstreamfEdd
[pc(0) − pc(ξ)] . (66)
This expression has a simple physical interpretation: the
quantity on the left hand side, q(ξ)/ fEdd, is simply the frac-
tion of the flux that was injected at ξ = 0 that remains once
the CRs have gotten to height ξ. The right hand side asserts
that this fraction is equal to unity minus the flux that has
been lost to absorption / pion losses (the term proportional
to τabs) and to streaming losses (the term proportional to
τstream). We can therefore identify the fraction of the flux
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Figure 3. Ratio of CR pressure to gas turbulent pressure pc/r =
Pc/Pgas as a function of fEdd, for absorption optical depths τabs =
0.2, 1.0, and 5.0 (top to bottom panels), and for τstream = 0.2, 1.0,
and 5.0 (colors, as indicated in the legend). All cases shown use
fgas = 0.5, but results are qualitatively similar for any fgas. In each
case, dashed lines show the ratio measured at the midplane, while
solid lines show the ratio averaged over the first gas scale height.
that goes into pion production as
fcal =
τabs
fEdd
∫ ∞
0
rpc dξ. (67)
In Figure 4, we show calculations of fcal for the same
set of models as shown in Figure 3. Clearly the value of
fEdd has relatively little effect on fcal. Instead, the dominant
parameters controlling fcal are the streaming and absorption
optical depths. If τabs > τstream and τabs > 1, then a majority
of the CRs are absorbed and can produce γ-ray emission.
By contrast, if τstream & τabs or τabs < 1, then fcal is much
smaller.
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Figure 4. Fraction of CRs flux fcal lost to pp collisions, and thus
available to produce γ-ray emission, as a function of fEdd. We show
solutions for a sample of absorption and streaming optical depths
τabs (solid, dashed, and dotted lines) and τstream (blue, orange, and
green lines), as indicated in the legend. The cases shown are the
same as in Figure 3.
3.4 Model grid
Having developed some intuition for how the results of in-
terest depend on the model parameters, we now generate
a broad grid of solutions and extract pertinent parameters
from them. Our grid consists of gas fractions fgas from 0 to 1
in steps of 0.1, log Eddington ratios log fEdd from 10−4 to 10
in steps of 0.025 dex, log absorption optical depths log τabs of
10−1.5 to 102 in steps of 0.25 dex, and log streaming optical
depths log τstream of 10−1 to 101 in steps of 0.25 dex. Note
that, for large enough fEdd, the model does not converge,
and no equilibrium exists; we defer further discussion of this
behaviour to Paper II. For each grid point where a solution is
found, we record the midplane density and pressure, r(0) and
pc(0) and the fraction fcal of the CR flux that is absorbed
and therefore available for pion production (equation 67).
4 IMPLICATIONS FOR STAR-FORMING
SYSTEMS
4.1 Dimensionless parameters for observed
systems
We now have in hand machinery required to calculate the
quantities of interest for any combination of dimensionless
parameters. For a specified choice of CR propagation model,
we also have in hand the mapping from galaxy gas surface
density Σgas, velocity dispersion σ, and gas fraction fgas, to
the dimensionless optical depths τstream and τabs (Table 1).
The final dimensionless quantity we require is the Eddington
ratio fEdd (equation 36). This depends on the reference flux
F∗ (equation 22) and on the injected CR flux Fc,0. We choose
to write the latter in terms of the star formation rate, as
Fc,0 = c,1/2 ÛΣ?, (68)
where c,1/2 is the mean total energy in relativistic CRs re-
leased into each galactic hemisphere per unit mass of star
formation. This yields
fEdd = c,1/2
(
τstream
βs
)
fgas ÛΣ?
piGcΣ2gas
= 2.0 fgK∗ ÛΣ?,−3σ−11 Σ−2gas,1, (69)
where ÛΣ?,−3 = ÛΣ?/10−3 M pc−2 Myr−1, and the numerical
evaluation is for our fiducial value of the CR energy release
per unit mass of stars formed, c,1/2 = c,∗,1/2 (see below).
This equation contains a crucial result, which will become
important later in our discussion: constant Eddington ratio
corresponds roughly to ÛΣ? ∝ Σ2gas.
Accounting only for CR acceleration associated with
core collapse supernovae, a reference value for the CR energy
release per unit mass of star formation into each Galactic
hemisphere, c,1/2, can be defined as
c,1/2 '
1
2
ηc ESN
M?,SN
≡ c,?,1/2
( ηc
0.1
) ( ESN
1051 erg
) (
90 M
M?,SN
)
(70)
where ηc ∼ 0.1 is a rough (e.g., Drury et al. 1989; Hillas 2005;
Strong et al. 2010; Lacki et al. 2010; Paglione & Abrahams
2012; Peng et al. 2016) calibration for the fraction of the
total core collapse supernova kinetic energy release that ends
up in CRs, ESN is the supernova kinetic energy, and, for a
Chabrier (2005) IMF, one core collapse supernova requires
the formation of M?,SN ' 90 M of stars assuming that all
stars born with masses of 8 M or above end their lives
as core collapse supernovae. Numerically, the normalising
cosmic ray efficiency is
c,?,1/2 ≡ 5.6 × 1047 erg M−1 . (71)
Note that this normalisation for c,1/2 may be too conser-
vative as it ignores other sources of mechanical power that
may end up in CRs including stellar wind shocks, pulsar
winds, and thermonuclear supernovae. It also neglects the
possibility, for which there is some evidence (Nomoto et al.
2006), that the mean mechanical energy per core collapse
supernova might exceed by a factor of a few the canonical
1051 erg, and that a fraction of massive star core collapses
end in black hole formation with potentially much weaker
supernovae, or none at all (e.g., Pejcha & Thompson 2015;
Gerke et al. 2015). We will ignore these complications in the
remainder of this paper, however.
We show values of fEdd and τabs for a sample of galax-
ies culled from the literature in Figure 5, computed adopting
the“Streaming”model for CR transport (Section 2.3.1) with
MA = 1.5; we do not show τstream, since for the “Streaming”
model it is simply M3
A
, and thus is constant for all galax-
ies. We compare to the “Scattering” model, and explore the
dependence on MA, in Section 4.4. The data come from the
compilation of Krumholz et al. (2012), and consist of mea-
surements of gas surface density Σgas and star formation rate
surface density ÛΣ?. We also add a point to represent condi-
tions in the Solar neighbourhood, which has Σgas ≈ 14 M
pc−2 (McKee et al. 2015) and ÛΣ? ≈ 2.5×10−3 M pc−2 Myr−1
(Fuchs et al. 2009). Since velocity dispersions and gas frac-
tions are only available in the literature for a small subset
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Figure 5. Distribution of fEdd (top panel) and τabs (bottom panel)
values for a sample of observed galaxies culled from the literature,
computed using the “Streaming” CR transport model. Points are
coloured by the value of fEdd or τabs that we infer for that galaxy,
following the discussion in the main text; colour bars indicate nu-
merical values, and the shape of the symbol indicates the sample
from which it is drawn: Kennicutt (1998), Bouche´ et al. (2007),
Daddi et al. (2008, 2010a), Genzel et al. (2010), or Tacconi et
al. (2013); the star indicates Solar neighbourhood conditions, for
which we adopt values described in the main text. Coloured con-
tours indicate regions of the plane with values of log fEdd from −3
to 3 in steps of 1 and logτabs from −1.5 to 2.5 in steps of 0.5, re-
spectively, for the streaming CR propagation model Section 2.3.1,
using gas fractions, velocity dispersions, and ionisation fractions
interpolated as a function of Σgas as described in the main text.
of these galaxies, we assign values as follows: for the sam-
ple of Kennicutt (1998), we adopt “Local” parameters for all
galaxies classified as spirals by Kennicutt, and we also adopt
these properties for the Solar neighbourhood; for those clas-
sified as starburst, we adopt “Intermediate” parameters if
the gas surface density is below 103 M pc−2, and “Star-
burst” parameters otherwise. We adopt “Intermediate” pa-
rameters for the entire sample of galaxies from Daddi et al.
(2008), Daddi et al. (2010a), and Tacconi et al. (2013), and
for all galaxies from the sample of Genzel et al. (2010) ex-
cept those that Genzel et al. classify as sub-mm galaxies, for
which we use “Starburst” parameters. Finally, we also apply
“Starburst” parameters for the sample of sub-mm galaxies
taken from Bouche´ et al. (2007). We illustrate the classifica-
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Figure 6. Illustration of our classification of galaxies in the
Kennicutt-Schmidt plane as “local”, “intermediate”, and “star-
burst”. Colour indicates the classification, while symbol shape in-
dicates the sample from which the galaxy is drawn. Points match
those shown in Figure 5. For reference, we also overlay (dashed
black line) the Kennicutt (1998) fit for the relationship between
star formation and gas surface density.
tions in Figure 6; for reference, we also overlay on this figure
the Kennicutt (1998) fit for the relationship between star
formation and gas surface densities.10 Similarly, in order to
overlay rough contours on Figure 5, we linearly interpolate
logσ, log fgas, and log χ as a function of log Σgas between the
three cases listed in Table 2, treating each case as a single
point at the center of the stated range. However, we empha-
sise that all these classifications and parameter choices are
approximate. More accurate estimates would use values of
the gas fraction and velocity dispersion determined galaxy-
by-galaxy, and estimates of χ based on detailed chemical
modelling (c.f. Krumholz et al. 2020).
The primary conclusion to be drawn from the figure
is that, as one proceeds along the star-forming galaxy se-
quence from low to high gas and star formation surface den-
sity, galaxies become increasingly sub-Eddington and opti-
cally thick to CRs. Local spirals and dwarfs tend to have
fEdd ∼ 0.1 − 1 and τabs  1, while high-redshift galaxies and
starbursts typically have fEdd ∼ 0.001− 0.1 and τabs ∼ 1− 10.
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Figure 7. Estimated CR pressure and energy density (top panel)
and ratio of CR pressure to gas pressure (bottom panel) at the
galactic midplane for the sample of observed galaxies shown in
Figure 5 (coloured points), computed using the “Streaming” CR
transport model. Grey points mark galaxies whose Eddington ra-
tios place them outside our grid. We also show contours of Pc and
Pc/Pgas, computed by interpolating as in Figure 5. The contours
of Pc run from Pc/kB = 103 − 107.5 K cm−3 in steps of 0.5 dex,
and the contours of Pc/Pgas run from 10−4 − 100.5 in steps of 0.5
dex. Points that are not covered by contours correspond to com-
binations of parameters fg, fEdd, τabs and τstream that are outside
our grid of solutions. The black dashed line corresponds to the
locus of equality between CR and magnetic energy densities.
4.2 CR pressures
We show estimates for the midplane CR pressure, and the ra-
tio of CR pressure to gas pressure, in Figure 7; results for the
average pressure over the first scale height are qualitatively
similar. In order to generate these plots, for each galaxy we
compute log fEdd, log τabs, log τstream, and fgas as described in
Section 4.1, and then linearly interpolate on our grid of solu-
10 Note that the Kennicutt (1998) line shown in Figure 6 does
not in fact pass through the data points in the Kennicutt (1998)
sample. This is because the data points have been adjusted to
use updated estimates of the conversion from CO luminosity to
gas surface density, and from infrared or Hα luminosity to star
formation surface density, following Daddi et al. (2010a). How-
ever, we choose not to adjust the fit for these updates, in part to
maintain consistency with earlier work, and in part because the
fit remains a reasonable one for the expanded data set shown in
the figure.
tions (Section 3.4) to produce predicted values of log pc and
log r = log(ds/dξ).11 We then scale these back from dimen-
sionless to physical units using the transformations given in
Section 2.2. Similarly, we generate the contours in the back-
ground using the same interpolation scheme as described in
Section 4.1.
We see that typical midplane CR pressures range from
Pc/kB ∼ 103.5 K cm−3 (energy density uc ∼ 1 eV cm−3) for
sub-Milky Way galaxies up to ∼ 107 K cm−3 (energy density
∼ few keV cm−3) for the most intensely star-forming galax-
ies. Not surprisingly, midplane CR pressure increases with
star formation rate. However, we also see that the ratio of
CR pressure to gas pressure decreases systematically with
star formation rate, such that Pc/Pgas is typically ∼ 0.1 − 1
for galaxies with Σgas . 100 M pc−2, but drops to ∼ 10−3
for galaxies with Σgas & 1000 M pc−2. Contours of con-
stant Pc/Pgas are close to lines of slope 2 in the lower panel
of Figure 7 (i.e., ÛΣ? ∝ Σ2gas), whereas the observed distri-
bution of galaxies forms a significantly shallower relation-
ship. Thus we find that CRs are dynamically significant for
weakly star-forming, low surface density galaxies, but be-
come increasingly-unimportant as we move to higher surface
density, more strongly star-forming galaxies.
It is worth pointing out that, although we are compar-
ing CR pressure to gas pressure in Figure 7, we can also
read the figure as describing the ratio of CR and magnetic
energy densities, and thus the extent to which equipartition
between CRs and magnetic fields holds. Defining the mid-
plane magnetic energy density umag,∗ = B2∗/8pi, and making
use of equation 53, we can write the ratio of CR to magnetic
energy density at the midplane as
uc
umag,∗
= 6M2A
Pc
Pgas
. (72)
Thus for our fiducial choice MA = 1.5, equipartition between
CRs and magnetic fields corresponds to Pc/Pgas ' 0.1. Thus
Figure 7 can be read as also giving uc/umag,∗, if we simply
shift the colour scale up by ' 1 dex, i.e., log(Pc/Pgas) ' −1
corresponds to uc/umag,∗ ' 1. We show the locus uc/umag,∗ =
1 as the black dashed line in the lower panel of Figure 7. We
see that the Solar neighbourhood, and galaxies with similar
conditions, are expected to show near-equipartition between
CRs and magnetic fields. However, as we move to galaxies
that are forming stars within increasing vigour, to the right
of Figure 7, CRs fall below equipartition with the magnetic
field by 1 − 2 orders of magnitude (Thompson et al. 2006;
Lacki et al. 2010; Lacki & Beck 2013).
It is worth noting that our conclusion that CR pressure
is smaller than gas pressure in starbursts, and that the CR
energy density is sub-equipartition, is consistent with the
one-zone models developed by Lacki et al. (2010) to study
the far infrared-radio correlation. We illustrate this in the
top two panels of Figure 8, where we show our estimated
11 A few galaxies, indicated by the grey points in Figure 7, fall
outside our grid, at values of fEdd too high for a solution to exist.
We discuss the significance of the maximum value of fEdd in Paper
II, and here simply note that, while the best estimates for these
galaxies’ properties are off our grid, they are off by only a very
small amount, and any plausible estimate of the errors bars (at
least a factor of two in both directions, likely more) overlaps the
grid extensively.
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Figure 8. CR pressure and energy density (top panel), ratio of
CR pressure to gas pressure (middle panel), and calorimetry frac-
tion (bottom panel) computed as a function of gas surface density,
taking the star formation surface density to be the mean value
given by the Kennicutt (1998) relation, as illustrated in Figure 6.
We obtain ancillary data properties (σ, fgas, χ) along this line by
interpolating, using the same procedure as is used to construct
the contours in Figure 5. The blue and orange curves indicate
the results for streaming and scattering CR transport models re-
spectively, with the central solid line indicating the reult for our
fiducial Alfve´n Mach number MA = 1.5, and the shaded enclosing
region showing the results for MA = 1 − 2. Note that fEdd gen-
erally increases toward lower surface density as one moves along
the Kennicutt (1998) relation, and, as a result, for each of the
transport models shown there is a minimum surface density below
which fEdd is large enough that we can no longer find a hydrostatic
solution. The model curves terminate at this surface density.
CR pressure and ratio of CR to gas pressure computed along
the Kennicutt (1998) relation. That is, the figure is a para-
metric plot showing the values indicated by the contours
in Figure 7, calculated along a path through the Σgas − ÛΣ?
plane given by the Kennicutt fit, and illustrated in Figure 6.
In the top panel, we compare our estimated Pc values to
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Figure 9. Fraction of CR flux that is absorbed, and thus available
to produce γ-rays ( fcal). In the top panel we show this quantity
estimated for the sample of observed galaxies shown in Figure 5
(coloured points), computed using the “Streaming” CR transport
model. Grey points mark galaxies whose Eddington ratios place
them outside our grid. We also show contours of log fcal, running
from −1.5 to 0 in steps of 0.3, interpolated across the plane using
the same method as used in Figure 5. Points that are not cov-
ered by contours correspond to combinations of parameters fg,
fEdd, τabs and τstream that are outside our grid of solutions. In the
bottom panel, we show the same background contours, but the
data points and their colours now indicate gas surface densities,
star formation rates, and observationally-estimated calorimetry
fractions for the galaxies listed in Table 3.
those obtained by Lacki et al. (2010). Clearly the results
are qualitatively similar, with the “Scattering” curve some-
what closer to Lacki et al.’s results for our fiducial parameter
choices. Note that Lacki et al.’s calculations were empirically
constrained to reproduce the observed far infrared-radio cor-
relation and were used to predict γ-ray fluxes and calorimet-
ric fractions from star-forming galaxies across the Kennicutt
(1998) relation. A crucial point of this analysis involves not
just the ratio of CR to magnetic energy densities, but also
the ratio of magnetic energy density to photon energy den-
sity, which controls the relative importance of synchrotron
and inverse Compton cooling for CR electrons. We will ex-
plore the predictions of our models for emission from CR
electrons in a future paper in this series.
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Galaxy log Σgas log ÛΣ? Type log ÛM? log Lγ log fcal,obs log fcal,str log fcal,sca
[M pc−2] [M pc−2 Myr−1] [M yr−1] [erg s−1]
Milky Way (MW) 1.15 −2.60 Local 0.28 38.91 −1.29 −0.89 −0.10
LMC 0.89 −2.55 Local −0.70 37.50 −1.72 −1.14 . . .
SMC 1.20 −2.89 Local −1.48 37.14 −1.30 −0.85 −0.09
NGC 224 (M31) 0.65 −3.47 Local −0.46 38.66 −0.80 −1.32 −0.23
NGC 253 2.81 0.04 Intermediate 0.61 40.05 −0.48 −0.66 −0.03
NGC 598 (M33) 0.93 −2.46 Local −0.35 38.25 −1.32 −1.11 . . .
NGC 1068 3.75 1.92 Starburst 1.44 40.92 −0.44 −0.76 −0.02
NGC 2146 2.76 0.45 Intermediate 1.24 40.95 −0.21 −0.70 −0.03
NGC 3034 (M82) 3.07 1.04 Intermediate 0.94 40.27 −0.59 −0.51 −0.02
NGC 4945 3.10 0.51 Intermediate 0.65 40.30 −0.27 −0.50 −0.02
Arp 220 4.00 3.18 Starburst 2.38 42.20 −0.10 −0.60 −0.01
Arp 299 2.35 0.30 Intermediate 2.05 41.55 −0.42 −1.01 −0.06
Table 3. Observed and theoretically-estimated calorimetry fractions for a sample of Fermi-detected galaxies. Columns are as follows: (1)
galaxy name; (2) gas surface density; (3) star formation surface density; (4) classification as local (Loc), intermediate (Int), or starburst
(SB); (5) star formation rate; (6) γ-ray luminosity; (7) observationally-estimated calorimetric fraction, computed from equation 73; (8)
theoretical estimate of fcal, computed from equation 67, assuming the streaming CR transport model; (9) same as column (8), but using
the scattering transport model; an entry of . . . indicates that the estimated parameters for this galaxy place it outside our model grid.
Data sources: all γ-ray luminosities Lγ are taken from Ajello et al. (2020), except for those for Arp 220 (from Griffin et al. 2016) and the
Milky Way (from Fermi-LAT collaboration 2012). All SFRs for objects classified as Intermediate or Starburst are obtained by converting
the total IR luminosity given by Ajello et al. (2020) to a SFR using the conversion given in Table 1 of Kennicutt & Evans (2012).
Remaining gas and SFR data are from the following sources: Milky Way – gas surface density from McKee et al. (2015), SFR surface
density from Fuchs et al. (2009), total SFR from Chomiuk & Povich (2011); LMC and SMC – total gas mass and SFR from Jameson et
al. (2016), values per unit area derived by dividing by an area piR225, where we take R25 from de Vaucouleurs et al. (1991); NGC 224 –
total SFR from Rahmani et al. (2016), gas mass obtained by adding the H i mass from Chemin et al. (2009) and the H2 mass from Nieten
et al. (2006), converted to areal quantities using a radius of 18 kpc from Kennicutt (1998); NGC 253, NGC 1068, NGC 2146, NGC 3035,
NGC 4945, Arp 299 – gas and SFR surface densities taken from Liu et al. (2015), using gas values for their continuously-variable αCO
case, and SFR values derived from IR; Arp 220 – Kennicutt (1998), with gas mass and SFR per unit area adjusted to use a conversion
factor αCO = 0.8 M pc−2 [K km s−1]−1, and to a Chabrier (2005) IMF.
4.3 CR calorimetry
We next examine the fraction fcal of CRs that are lost to
pion-producing collisions in Figure 9. In the top panel, we
show predicted calorimetry fractions for the same sample of
galaxies plotted in Figure 5. Here we see a trend that is gen-
erally the opposite of that in Figure 7: local galaxies tend to
have relatively low values of fcal, while higher surface den-
sity galaxies have higher values. Typical values in galaxies
similar to the Milky Way are ∼ 5 − 10%, while the fraction
rises to ∼ 50% in galaxies at the top end of the star-forming
sequence.
At first one might be surprised that the difference in
calorimetry across the star-forming sequence is as small as
it is – after all, the gas surface density increases by ∼ 4 dex
from the left to the right side of Figure 9, so one might
expect a similar level of variation in fcal. The main reason
that the true variation is not so large, at least in the stream-
ing model, is that the increase in surface density is partly
countered by variations in the ionisation fraction χ, which
change the absorption optical depth as τabs ∝ √χ (c.f. Ta-
ble 1); the ionisation fraction is lower in the neutral ISM of
starbursts than in local spirals due to their much high den-
sities and thus recombination rates (Krumholz et al. 2020).
Indeed, Krumholz et al. show that this variation is critical to
explaining the observed break in the γ-ray spectra of nearby
starbursts above ∼ 1 TeV. The ionisation fraction matters
as a direct result of the dependence of the CR streaming
speed on the Alfve´n Mach number of the ions in a medium
where ions and neutrals are decoupled: the lower the ionisa-
tion fraction, the faster the CR propagation speed and the
less time it takes CRs to escape. This effect partially can-
cels out the increase in gas surface density, going from local
spirals to starbursts, which is why fcal rises only by a factor
of ∼ 5 − 10 across the star-forming sequence.
In the bottom panel of Figure 9, the background con-
tours show the same predicted theoretical trend as in the
upper panel, but now we overplot data points with colours
for galaxies with Fermi-detected γ-ray emission, for which it
is possible to estimate the calorimetry fraction directly. Thus
the data points in the upper panel of Figure 9 shows pre-
dicted calorimetry fractions, while those in the lower panel
show measured (at least approximately) values. We derive
our measured values from the observed star formation rate
ÛM? and γ-ray luminosity Lγ; we take the latter primarily
from from Ajello et al. (2020), and the former from a vari-
ety of sources in the literature as detailed in Table 3. We
estimate the observed calorimetry fraction from these two
as
fcal,obs =
Lγ
ζCR ÛM?
, (73)
where ζCR = 8.3 × 1039 erg s−1 / (M yr−1). We derive the
conversion factor ζCR using from Lacki et al. (2011, their
equation 11), and assuming that (1) a fraction βγ = 1/3
of CRs with energies above the pion production threshold
produce neutral pions that decay into γ-rays, (2) a fraction
βpi = 0.7 of the energy from these decays goes into γ-rays
with energies high enough to be detected by Fermi and thus
contribute the measured Lγ, and (3) there is one supernova
per M?,SN = 90 M of stars formed, each of which explodes
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with total energy 1051 erg, of which a fraction ηc = 0.1 does
into CRs with energies > 1 GeV. The value of ζCR should
be regarded as uncertain that the factor of ∼ 2 level. We list
our derived values of fcal,obs in Table 3 (uncertain by a fac-
tor of ∼ 2 due to uncertainties in ζCR), and values predicted
by equation 67 for both the streaming and scattering trans-
port models; for the purposes of this computation, we use
the surface densities and star formation rates listed in the
table, and classify galaxies as Local, Intermediate, and Star-
burst following the same scheme described in Section 4.1. We
defer a discussion of the scattering models to Section 4.4,
but for now we note that, within the uncertainties in the
calorimetric fraction, our streaming model provides reason-
able agreement (within ≈ 0.5 dex) for most galaxies. The
largest discrepancies are with the brightest starbursts, where
the observationally-estimated values of fcal are in the range
∼ 50− 80%, while our model tends to predict values a factor
of ∼ 2 smaller as a result of streaming losses. We can also
see this effect in the bottom panel of Figure 8, where we
show our predicted calorimetry fractions along the Kenni-
cutt (1998) relation. Our models provide reasonably good
agreement for normal galaxies, but tend to underestimate
the calorimetry fractions of starbursts by factors of ∼ 2.
However, we note that there are a number of confound-
ing factors that should be considered, In addition to the un-
certainty on ξCR, our observational estimates of the calorime-
try fraction do not account for possible contributions to Lγ
from buried active galactic nuclei (AGN; possibly impor-
tant in starbursts), and from non-hadronic processes (e.g.,
bremsstrahlung and inverse Compton emission) or millisec-
ond pulsars (possibly important in galaxies with low star
formation rates). If these are significant, this would reduce
fcal.
4.4 Dependence on the CR transport model
We now turn to the question of how our results depend on
our choice of CR transport model, and on parameters within
that model. In Figure 10 we show our computed CR pres-
sures, ratios of CR to gas pressure, and calorimetric frac-
tions for four different CR transport models: “Streaming”
using MA = 1 and 2, and “Scattering” also using MA = 1 and
2. All other aspects of the calculation are identical to those
discussed previously.
First examining the top two rows of Figure 10, we see
that neither the value of MA nor the choice of CR transport
model has significant qualitative effects on Pc or Pc/Pgas. For
all four cases shown, the CR pressure ranges from Pc/kB ∼
103.5 K cm−3 in sub-Milky Way galaxies to ∼ 107 K cm−3 in
the brightest starbursts, while the ratio of CR pressure to
gas pressure ranges from ∼ 1 in sub-MW galaxies to ∼ 10−3
in starbursts. There are differences at the factor of few level,
but nothing larger.
Turning to the third row, we encounter a very different
situation. The calorimetric fraction is systematically much
lower for the “Streaming” than for the “Scattering” trans-
port model. The former has calorimetric fractions of 5−10%
for Milky Way-like conditions rising to at most ∼ 50% in
starbursts, while the latter has calorimetric fractions that
are at least ∼ 50% for Milky Way-like galaxies, rising to
nearly 100% in the starburst regime. These differences are
also apparent in Figure 8 and Table 3, where we show re-
sults along the Kennicutt (1998) relation, and for a sam-
ple of Fermi-detected local galaxies, respectively. Clearly
the choice of “Scattering” or “Streaming” leads to significant
changes in the degree of calorimetry. The results also depend
substantially on the Alfve´n Mach number: even a factor of
two change in this quantity produces noticeable changes in
fcal. These changes are in opposite directions and of differ-
ent sizes for the two possible models, however: increasing
MA lowers fcal for the “Streaming” model, while raising it
for the “Scattering” model. Most of the difference between
the “Streaming” and “Scattering” models can be traced to
the comparatively larger value of τstream in the streaming
model, where the low ion fraction allows fast streaming and
thus efficient dissipation.
Based on our analysis in this section, we can see that
our conclusions regarding the typical CR pressure and pres-
sure fraction are robust and depend only very weakly on
the transport model we adopt. They are ultimately driven
by the fact that, regardless of the transport model, lines of
constant Pc/Pgas correspond to loci of slope close to 2 in the
plane of Σgas versus ÛΣ?, while the observed relation between
these two quantities is not so steep. Our conclusion that the
degree of calorimetry increases from low to high surface den-
sity galaxies is similarly robust against the transport model
we adopt, but the absolute values of the calorimetric frac-
tion are much less so. These appear to depend sensitively
on the exact values of the streaming and absorption opti-
cal depths, which are functions of the transport model, and
are quite sensitive to parameters such as the Alfve´n Mach
number and (for the scattering model) the CR energy. It is
also worth noting that in real galaxies both the “Streaming”
and “Scattering” transport mechanisms likely co-exist: some
CRs are deposited in the neutral phase and experience the
former, while some enter the ionised phase and experience
the latter; there may also be significant exchange of CRs be-
tween the phases. The true degree of calorimetry averaged
over the galaxy as a whole is therefore likely to be somewhere
in between the two limiting cases that we have explored.
5 SUMMARY AND CONCLUSIONS
In this paper we employ an idealised, slab model of galactic
discs to investigate the large-scale, dynamical importance of
cosmic rays (CRs) in supporting the neutral, star-forming
interstellar medium (ISM) across the full sequence of star-
forming galaxies, from near-quiescent dwarfs to intense star-
bursts. Our ultimate goal is to determine under what con-
ditions we expect CRs to make a substantial contribution
to the pressure balance of the ISM, as is the case in the
Milky Way, and to what extent the role of CR pressure is
correlated with the degree of calorimetry in galaxies, i.e.,
the fraction of CRs injected into a galaxy that ultimately
produce pions and thence γ-rays. In our model, the vertical
column of gas in a galactic disc is maintained in hydrostatic
balance by the competition between stellar and gas self-
gravity, and a combination of turbulent and CR pressure.
CRs generated near the midplane travel vertically through
the gas column, undergoing losses due to both “absorption”
(i.e., pion-producing pp-collisions) and streaming instability
as they do so. We show that this system is characterised
primarily by three dimensionless numbers: τstream, τabs, and
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Figure 10. Comparison of results for different CR transport models. The left two columns show the “Streaming” model, computed using
Alfve´n Mach numbers MA = 1 and 2, compared to our fiducial choice MA = 1.5; the right two columns show the “Scattering” model
for MA = 1 and 2. The top two rows show the midplane CR pressure Pc and ratio of CR pressure to gas pressure Pc/Pgas, and can
be compared directly to Figure 7; as in that figure, contours are in steps of 0.5 dex, starting from a minimum of Pc/kB = 103 K cm−3
and Pc/Pgas = 10−4. The bottom row shows the calorimetric fraction fcal, and is comparable to Figure 9; however, note that, to avoid
saturation, we use a different colour scale for fcal here than we do in Figure 9. Here contours run from 0 − 1 in fcal, in steps of 0.1.
fEdd (as given most generally by equations 31, 32, and 36, re-
spectively). These parameterise, respectively, the streaming
and absorptive optical depths presented by the gas column
to the CRs, and the ratio of the CR momentum flux to the
gravitational momentum flux, i.e., the CR Eddington ratio.
For any given combination of these three parameters,
together with a total gas fraction, we can obtain solutions
for the gas density and CR energy density as a function of
height, from which we derive our two parameters of interest:
the fractional pressure provided by CRs, and the calorime-
try fraction, i.e., the fraction of CR flux that is lost to pp
collisions, and thus becomes available to produce observable
γ-ray emission. We show that the CR pressure fraction is
primarily determined by fEdd, and increases with fEdd from
small values for fEdd  1 to values of order unity for fEdd ∼ 1,
up to a critical value of fEdd beyond which hydrostatic equi-
librium is impossible; we discuss the implications of this
finding further in Paper II in this series. By contrast, the
degree of calorimetry is controlled primarily by the optical
depths, and is insensitive to the Eddington ratio. Calorime-
try is maximised when τabs  τstream and τabs  1.
In order to draw conclusions about observed galaxies,
we develop a model to estimate the dimensionless quan-
tities τstream (equation 45 or equation 55, for “Streaming”
or “Scattering” transport of CRs, respectively), τabs (equa-
tion 45 or equation 56), and fEdd (equation 69) from observa-
tions, primarily the gas and star formation surface densities
of galaxies – the former determines the optical depth and
the strength of gravitational confinement (the denominator
in fEdd), while the latter determines the CR flux per unit
area entering the ISM (the numerator in fEdd). While these
quantities broadly constrain the dimensionless parameters in
our model, in detail the mapping between observables and
dimensionless quantities depends on the microphysics of CR
transport. We therefore consider a range of transport mod-
els, corresponding to differing assumptions about the phase
of the ISM through which CRs travel, and the mechanism
by which they interact with MHD turbulence in the ISM.
Independent of assumptions about transport mode,
however, we show that, as the gas column density is dialed
upwards, galaxies become increasingly calorimetric and are,
therefore, increasingly good γ-ray sources (see Figure 8 and
Table 3; cf. Torres et al. 2004; Thompson et al. 2007; Lacki
et al. 2010, 2011; Yoast-Hull et al. 2016; Peretti et al. 2019).
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CRs are never dynamically important on global scales for
gas surface densities exceeding ∼ 102.5 M pc−2 (Figure 7
and Figure 10), and indeed above a gas surface density of
∼ 20 M pc−2, the pressure declines rapidly (see Figure 8).
In the densest starbursts, the ratio of CR to other pressures
drops to only ∼ 10−3 −10−4. Conversely, at lower surface gas
densities CRs can take on considerable dynamical signifi-
cance, providing pressure comparable to the gas pressure,
but at the same time these galaxies are substantially sub-
calorimetric. As is implicit in the results of Jubelgas et al.
(2008) and as discussed in Socrates et al. (2008), the ulti-
mate factor driving the trend toward smaller dynamical im-
portance for CRs in more dense and intensely star-forming
galaxies is rapid pionic losses. As discussed in the context of
the radio and gamma-ray emission from star-forming galax-
ies across the Kennicutt-Schmidt law by Lacki et al. (2010,
2011) (see also Thompson & Lacki 2013), the distribution
of observed galaxies in the plane of gas and star formation
surface densities guarantees that high gas surface density
systems will have the smallest overall CR pressure relative
to that required for hydrostatic equilibrium. At high gas
surface densities where pion production is the dominant loss
mechanism for CRs, the CR pressure scales with star forma-
tion rate and gas surface density as
PCR ∝
ÛECRtcol
Volume
∝ SFR
piR2
tcol
h
∝
ÛΣ?
Σgas
' 1 × 105 K cm−3 ÛΣ?,−1 Σ−1gas,2 (74)
where SFR is the total star formation rate, ÛECR is the to-
tal CR energy injection rate, tcol is the pion loss timescale
(eqs. 11 and 13), and the approximate equality in the
second line provides a numerical value scaled to ÛΣ?,−1 =
ÛΣ?/(0.1 M pc−2 Myr−1) and Σgas,2 = Σgas/(100 M pc−2). By
contrast, the self-gravitational pressure of a galactic disc
scales as P∗ ∝ Σ2gas, so that
PCR/P∗ ∝ ÛΣ?/Σ3gas.
Thus, maintaining constant PCR/P∗ would require that the
star formation rate surface density increase as the cube of
the gas surface density. This corresponds to a Kennicutt-
Schmidt relation with index of 3, whereas the observed index
of the relation is much shallower and ranges from ≈ 1−2. The
decline in the dynamical importance of CRs at high surface
density follows directly from this. At the same time, galaxies
with higher gas surface densities do have higher absorption
optical depths, and thus are more calorimetric. This com-
bination drives the anti-correlation between CR dynamical
importance and calorimetry in galaxies (Lacki et al. 2011;
Thompson & Lacki 2013).
Finally, we remark that the model we have presented
here has obvious further applications. We have already men-
tioned one of these, which is the subject of Paper II: launch-
ing of CR-driven cool galactic winds. A further follow-up
is to combine our results here with those of Crocker et al.
(2018a), who develop a similar plane-parallel atmosphere
model for radiation transport out of galactic discs. Combin-
ing these models will yield fully self-consistent predictions
for the run of gas density, CR energy density, and radiation
energy, and thus for the synchrotron and inverse Compton
emission produced by leptonic CRs. This will be the subject
of future work.
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APPENDIX A: PARKER STABILITY
In this appendix we consider the possible impact of Parker
(1966) stability on our conclusions. The first step in this
analysis is to evaluate the Parker stability of our solu-
tions. The criterion for Parker stability may be written (e.g.,
Zweibel 2017) as
− dρgas
dz
>
ρ2gasgz
γgasPgas + γcPc
, (A1)
where γgas and γc are the adiabatic indices for the gas and
CR fluid, respectively; we adopt γc = 4/3 as discussed in the
main text, and we take γgas = 5/3 here, because the gas pres-
sure is primarily turbulent pressure, which has an effective
adiabatic index of 5/3 for motions on timescales smaller than
the outer scale of the turbulence, as is the case here (Robert-
son & Goldreich 2012; Birnboim et al. 2018). Rewriting this
criterion in terms of the non-dimensional variables defined
in Section 2.2, the stability condition becomes
d2s
dξ2
<
d2s
dξ2

P.c.
≡ −
(
ds
dξ
)2 1 − fgas + s fgas
γgas
ds
dξ + γcpc
, (A2)
where ‘P.c.’ denotes Parker critical.
We investigate the Parker stability of some of our solu-
tions in Figure A1. In this figure, we plot the dimensionless
density ds/dξ as a function of dimensionless height ξ nor-
malised to the scale height ξscale, where we define the scale
height as in Section 3.3, i.e., it is the height below which
1 − e−1 of the gas mass lies. For the purposes of this plot
we use our fiducial “Streaming” model with its standard pa-
rameters q = 1/4, φB = 73/72, and MA = 1.5. The three
panels show three cases for fgas and τabs, chosen to be rep-
resentative of typical local galaxies, intermediate galaxies,
and starbursts, respectively. In all cases we adopt the value
of τstream for our fiducial streaming transport model, and we
plot solutions for a range of Eddington ratios fEdd, starting
from 10−1 and increasing in steps of 0.25 dex until we can
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Figure A1. Sample solutions for the dimensionless density r =
ds/dξ as a function of dimensionless height ξ normalised to the
scale height ξscale. We show solutions computed for a variety of
combinations of fgas, τabs, τstream, and fEdd, as indicated in the leg-
end. In this plot, solid lines indicate Parker stable regions (i.e.,
regions where the solution obeys equation A2, while dashed lines
indicate Parker unstable portions of the solution.
no longer find a solution. In this plot, solid lines indicate re-
gions that are Parker stable, and dashed lines mark regions
that are unstable.
Based on this plot, we can make a few remarks. First,
unstable regions are confined near the midplane. We have
zoomed the plotted region in to the first scale height to make
them visible, and we see that Parker instability only occurs
up to maximum heights of a few tenths of the scale height. (If
one integrates the solution out far enough, additional unsta-
ble regions can appear at very large ξ, but we regard these as
unimportant, since they contain negligible mass or CR pres-
sure.) Second, significant Parker instability is only present
for Eddington ratios fEdd approaching unity. If fEdd is a few
tenths or less, the Parker unstable region is invisibly small
even for this very zoomed-in scale. These two considerations
together immediately imply an upper limit on how large an
impact Parker stability could have on our conclusions. Con-
sulting Figure 5, we see that values of fEdd larger than a few
tenths are essentially absent at surface densities Σgas & 100
M pc−2. Thus only for low surface density galaxies, with
dimensionless parameters similar to those illustrated in the
top panel of Figure A1, do we even need to consider the
possibility that there might be a significant Parker-unstable
region.
Even for galaxies where Parker instability is possible, it
seems unlikely to have a significant impact, for both observa-
tional and theoretical reasons. The observational argument
is to note that the way in which which Parker instability
could affect our solutions is by providing faster transport
of CRs than we have estimated based on our laminar as-
sumption, thereby flattening the CR pressure and density
gradients compared to what we have obtained. However, re-
call that we have already imposed a minimum CR transport
rate due to turbulent convection. Since the mechanism by
which Parker instability transports CRs is by inducing mo-
tions of the gas and magnetic field lines that convectively
transport the CRs, the only way for Parker instability to
increase the CR transport rate relative to our assumed min-
imum would be to increase the convective velocity above our
adopted value. Thus the observational signature of a strong
Parker instability would be a significantly increased veloc-
ity dispersion. However, our adopted velocity dispersions are
calibrated to observations – we adopt σ = 10 km s−1 for the
low surface density galaxies where Parker instability is pos-
sible, and this is indeed the observed velocity dispersion of
essentially all galaxies of this type (e.g., see the data compi-
lation in Krumholz et al. 2018). There is no evidence for a
population of galaxies with significantly larger velocity dis-
persions but low surface densities, which is what would be
expected if Parker instability were playing a major role.
The theoretical argument is based on simulations which
show that, even when it occurs, Parker instability saturates
at a relatively low level, changing densities only by factors of
a few (e.g., Santillan et al. 2000; Machida et al. 2009). In the
presence of additional sources of turbulence, for example spi-
ral arm shocks, Parker modes are strongly suppressed (e.g.,
Kim & Ostriker 2006). For further discussion of the limited
role of Parker modes in the context of realistic galactic discs,
see the review by Dobbs et al. (2014).
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